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Experiments with Random Factors

• Random effects (usually categorical) are appropriate when the 

number of levels is large and it is difficult,  undesirable, or 

impractical to adequately define the factor levels

• A few factor levels are chosen at random from a larger  
population of potential levels

• Inference is about the entire population of levels

• Applications

• Measurement system studies – gauge R&R

• Manufacturing variability – hardware serial number

• Operators

• 2 operators in your test are the only 2 that would ever use 
the system = fixed effect

• 2 operators in your test are selected at random = random 
effect



Randomization

• 3 big design principles: 
randomization, replication, and blocking

• What happens when an experimenter cannot 
completely randomize the runs?
– We cannot run the experiments in random order because 

one or more settings are “hard-to-change.”
– The experiments have both “hard-to-change” and “easy-to-

change” factors.

– Assumptions used in the analysis are no longer valid unless 
the design accounts for this restriction on randomization.



Split-Plot Design

Reference: “Split-Plot: What, Why, and How” by Jones and Nachtsheim.

Journal of Quality Technology. Vol. 41:No. 4. October 2009.



Split-Plot Design

• A split-plot design is used to account for this restriction on 
randomization. 
– Hard-to-change factors are placed in whole plots.

– Easy-to-change factors are placed in split or subplots within each 
whole plot.

– The two levels of randomization are the following:

• one to the assignment of whole-plot treatments

• one to the assignment of subplot treatments

Therefore, the model for these designs has two components of variation.

Reference: “Split-Plot: What, Why, and How” by Jones and Nachtsheim.

Journal of Quality Technology. Vol. 41:No. 4. October 2009.



Split-Plot Experiments

• “In simple terms, a split-plot experiment is a blocked experiment, 
where the blocks themselves serve as experimental units for a subset 
of the factors. Thus, there are two levels of experimental units. The 
blocks are referred to as whole plots, while the experimental units 
within blocks are called split plots, split units, or subplots. 
Corresponding to the two levels of experimental units are two levels of 
randomization. One randomization is conducted to determine the 
assignment of block-level treatments to whole plots. Then, as always in 
a blocked experiment, a randomization of treatments to split-plot 
experimental units occurs within each block or whole plot.” 

 - Jones and Nachtsheim, “Split-Plot Designs: What, Why, and How”



Split-Plot Design – Example

• Consider a materials science experiment. 
– Response: Strength

– Factors: Time, Temp, Rate, and pH

• However, because this is done on a piece of 
equipment that has a “set” Rate and Temp, both of 
these factors are hard-to-change factors. Both 
Time and Angle are easy-to-change factors.

...



Whole plots

• In a split-plot design, the levels of the two hard-to-change 
factors (Rate and Temp) are randomly assigned to 
whole plots.
– Four whole plots

• Each whole plot contains a treatment combination 
of both hard-to-change factors.

Whole Plot 1

Temp = 35

Rate = 4

Whole Plot 2

Temp = 37

Rate = 4

Whole Plot 3

Temp = 37

Rate = 2

Whole Plot 4

Temp = 35

Rate = 2



Subplots

• In a split-plot design, the levels of the two easy-to-change 
factors (Time and Angle) are randomly assigned to each 
whole plot.
– Four subplots are within each whole plot.

– Each subplot contains a treatment combination
of both easy-to-change factors.

Sub Plot 1

Time = 10

Angle = 4

Sub Plot 2

Time = 20

Angle = 5

Sub Plot 3

Time = 10

Angle = 5

Sub Plot 4

Time = 20

Angle = 4

Whole Plot 1

Temp = 35

Rate = 4

...



Subplots

• In a split-plot design, the levels of the two easy-to-change 
factors (Time and Angle) are randomly assigned to each 
whole plot.
– Four subplots are within each whole plot.

– Each subplot contains a treatment combination 
of both easy-to-change factors.

Sub Plot 1

Time = 20

Angle = 4

Sub Plot 2

Time = 10

Angle = 5

Sub Plot 3

Time = 10

Angle = 4

Sub Plot 4

Time = 20

Angle = 5

Whole Plot 2

Temp = 37

Rate = 4

...



Subplots

• In a split-plot design, the levels of the two easy-to-change 
factors (Time and Angle) are randomly assigned to each 
whole plot.
– Four subplots are within each whole plot.

– Each subplot contains a treatment combination 
of both easy-to-change factors.

Sub Plot 1

Time = 20

Angle = 5

Sub Plot 2

Time = 10

Angle = 5

Sub Plot 3

Time = 10

Angle = 4

Sub Plot 4

Time = 20

Angle = 4

Whole Plot 3

Temp = 37

Rate = 2

...



Sub Plot 1

Time = 10

Angle = 5

Sub Plot 2

Time = 10

Angle = 4

Sub Plot 3

Time = 20

Angle = 5

Sub Plot 4

Time = 20

Angle = 4

Whole Plot 4

Temp = 35

Rate = 2

Subplots

• In a split-plot design, the levels of the two easy-to-change 
factors (Time and Angle) are randomly assigned to each 
whole plot.
– Four subplots are within each whole plot.

– Each subplot contains a treatment combination 
of both easy-to-change factors.



Split-Plot Design – Example

• Assume that the scientist designs the same experiment as 
before. 
– Response: Productivity

– Factors: Time, Temp, Rate, and Angle

However, because this is done 

on a piece of equipment that 

has 

a “set” Rate and Temp, both of 

these factors are hard-to-

change factors. Both Time and 

Angle are easy-to-change 

factors.

...

Angle 



Split-Plot Design



Plastics Example

Split-Plot Design



Plastics Example

Split-Plot Design

Completely Randomized Analysis

Split Plot Analysis



Estimate of Error in Split Plots

• If the experiment is erroneously analyzed as a completely randomized 
design (CRD), the sources of error can lead to incorrect conclusions on 
the active variable set

• CRD will underestimate the error for the whole plot (hard to change) 
error; therefore these may be declared active when they are not (false 
positive)

• CRD may overestimate the split plot or subplot error and not detect 
active easy to change factors (false negative)

• If the experiment is not set up as a split plot design, but “clever” testers 
decide to run the test more efficiently by not changing factors you can 
still analyze correctly as a split plot.
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